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We consider a two-orbital impurity system with intra and inter-level Coulomb repulsion that is
coupled to a single conduction channel. This situation can generically occur in multilevel quantum
dots or in systems of coupled quantum dots. For finite energy-spacing between spin-degenerate
orbitals, an in-plane magnetic field drives the system from a local singlet ground state to a “mixed-
level” Kondo regime, where the Zeeman-split levels are degenerate for opposite spin states. We use
the numerical renormalization group approach to fully characterize this mixed level Kondo state
and discuss its properties in terms of the applied Zeeman field, temperature and system parameters.
Under suitable conditions, the total spectral function is shown to develop a Fermi level resonance,
so that the linear conductance of the system peaks at a finite Zeeman field while it decreases as
function of temperature. These features, as well as the local moment and entropy contribution of
the impurity system are commensurate with Kondo physics, which can be studied in suitably tuned
quantum dot systems.
I. INTRODUCTION
The Kondo effect is a paradigmatic many-body
phenomenon where an impurity magnetic moment is
screened by a sea of conduction electrons, leading to a col-
lective singlet (or reduced moment) ground state.1 This
effect and its impact on the low temperature resistivity
of magnetically doped metals has been studied a great
deal, with significant developments in recent years.2 Ad-
vances in nanolithography have also enabled extensive
studies of this effect in the carefully controlled environ-
ments provided by quantum dots.3 In these systems, the
Kondo effect manifests itself in high conductance values,
where vanishing electrical current would be expected due
to the classical Coulomb blockade.4 The finite conduc-
tance is the result of electronic transport allowed through
a Fermi-level resonance that appears in the density of
states of the dot at temperatures below a characteristic
scale known as the Kondo temperature.
The supression of Kondo correlations by the Zeeman
interaction that breaks the spin degeneracy of levels has
been well established.5 The spin polarization of the im-
purity due to the external magnetic field results in a
strong reduction of the Kondo resonance near the Fermi
energy. In quantum dot devices, this is signaled by a
monotonic drop of the magnetoconductance for Zeeman
energies comparable to the Kondo temperature.
In some quantum dot systems, however, the presence
of a perpendicular magnetic field may result in non-
monotonic magnetoconductance behavior. In particular,
singlet-triplet transitions induced in quantum dots with
even occupation give rise to complex structure in the lin-
ear magnetoconductance response, including maximum
conductance at a finite magnetic field.6–8 Another inter-
esting possibility is the diamagnetic modification of the
energy level-spacing in a singly-occupied quantum dot
with multiply nearly degenerate orbitals and negligible
Zeeman splitting. In this case, the interplay between
level shifts may also produce a maximum in the magne-
toconductance at finite temperatures.9
An interesting proposal by Pustilnik et al.10 showed
that the Kondo effect can be induced by means of an in-
plane magnetic field in quantum dots with even number
of electrons. When the Zeeman energy is close to the
single-particle level-spacing, the near degeneracy of the
singlet and triplet configurations results in an effective
anisotropic exchange interaction dominating the scatter-
ing of the itinerant electrons. This creates a Kondo reso-
nance at magnetic fields higher than the Kondo tempera-
ture of individual impurities, as experimentally observed
in carbon nanotube dots with even occupation.11
The scaling and perturbative analysis used in Ref. [10]
showed that the linear magnetoconductance of the sys-
tem would be expected to indeed exhibit a maximum at
a finite magnetic field. However, the results presented
lack quantitative and detailed information on the differ-
ent regimes of such system. For this reason, we believe
that the rich behavior anticipated in the model deserves
close examination with an approach such as Wilson’s nu-
merical renormalization group (NRG), which has proven
to provide an essentially exact description of the subtle
Kondo physics.
It is the purpose of this work to carry out such sys-
tematic analysis of the problem focusing on the case of
capacitively coupled quantum dots, which can be tuned
to be in a regime described by this model. Such sys-
tems have been studied recently in different experimen-
tal configurations.12–14 We consider a two-level Ander-
son model subjected to an in-plane magnetic field and
effectively connected to a single conduction channel in
the current leads. The model is first analyzed by means
of a Feschbach projection and compared to the results
2obtained in Ref. [10]. This confirms that an effective ex-
change interaction couples the conduction channel with
Zeeman-split levels that are degenerate for opposite spin
states. We then proceed with numerical renormaliza-
tion group calculations of the original model. Ther-
modynamical quantities demonstrate that the ground
state of the system is indeed a Kondo singlet when the
Zeeman energy is close to the level-spacing, as it tran-
sitions away from a local singlet with no correlations
with the lead electrons. The calculated components of
the spectral function show that the Kondo effect builds
up with a mixture of different levels with opposite spin
states. As a result, the magnetoconductance exhibits
drastic non-monotonic behavior. As we show, it is possi-
ble to estimate the level-spacing energy as well as the
inter-level Coulomb repulsion through transport mea-
surements. The characteristic Kondo temperature of the
mixed-level system is in general larger than for the re-
spective single-impurity Anderson model, but also tun-
able by adjusting the level-spacing.
II. MODEL AND APPROACH
Our starting point is the two-level Anderson model8,15
in the presence of an in-plane magnetic field,16
H = HC +HT +HL . (1)
Here HC =
∑
k,σ ǫkc
†
k,σck,σ describes the (single) con-
duction channel, with c†
k,σ as the creation operator of a
spin-σ electron with energy ǫk. The second term in (1)
describes the tunneling of electrons between the conduc-
tion band and the Anderson levels,
HT =
∑
i,k,σ
Vi(d
†
i,σckσ + c
†
k,σdi,σ) , (2)
where d†i,σ is the creation operator of a spin-σ elec-
tron at level i (=1,2). For simplicity we con-
sider real k-independent couplings Vi. The impurity-
conduction band tunneling is measured via the hybridiza-
tion strength Γi = πρV
2
i , where a constant density of
states ρ = 1/(2D) with half bandwidth D is assumed for
the leads.
Finally, HL describes the Anderson levels per se and
reads
HL =
∑
i
(εini + Uini,↑ni,↓) + U
′n1n2 +BSz , (3)
with εi, Ui and ni =
∑
σ ni,σ =
∑
σ d
†
i,σdi,σ being re-
spectively the orbital energy, the Coulomb interaction
and the electron number of level i. The Coulomb repul-
sion between different levels is denoted by U ′. The last
term in (3) takes into account the Zeeman energy with
magnitude B, proportional to the external magnetic field,
and Sz =
1
2
∑
i,σ,σ′ d
†
i,σσ
z
σ,σ′di,σ′ is the total z-projection
of the spin operator of the quantum dots (impurities).
We have assumed identical g-factors for both levels, with
g∗ = µB = 1, and neglect the Zeeman coupling of elec-
trons in the conduction band.
In order to parameterize the energy levels it is conve-
nient to introduce the level-spacing ∆ = ε1 − ε2 > 0,
as well as the average on-site energy εave = (ε1 + ε2)/2.
The energy levels are then given by ε1 = εave + ∆/2
and ε2 = εave − ∆/2. The described two-level Ander-
son model can be realized in a parallel double quantum
dot device,12–14 where delicate tunability of ∆ and other
parameters can be achieved.
Different occupancy regimes in such system have also
been considered before. When the Zeeman coupling at
the Anderson levels is neglected, the Hamiltonian (1)
exhibits a quantum phase transition separating strong-
coupling and underscreened-Kondo phases.8 The implica-
tions of a finite Zeeman splitting on this quantum phase
transition, as well as in the universal behavior of the
system, have been addressed in Ref. [16]. As concluded
in that work, the presence of magnetic fields destroys
the quantum phase transition, replacing it by a smooth
crossover. That study considered transitions going from
occupancy (〈n1〉 = 1, 〈n2〉 = 1) to (1, 0). Note that
our focus is on a different regime of double occupancy, as
explained below.
Throughout this paper, the two-level system is as-
sumed to have double occupancy and to satisfy the con-
dition ∆ > U − U ′ or ε1 + U
′ > ε2 + U (Fig. 1), rather
generically satisfied in experimental systems. At zero
magnetic field [Fig. 1(a)], this condition results in both
particles being locked in a local singlet state, screening
each other and preventing Kondo correlations with the
leads, regardless of the levels’ spin degeneracy (notice
Fig. 1 shows only one possible configuration). The state
with single occupancy of each level is suppressed at zero
field by an energy difference with the local singlet given
by (2εave + U
′)− (2ε2 + U) = ∆− (U − U
′) > 0.
As previously discussed, a high enough parallel mag-
netic field suppresses the spin fluctuations in the Zeeman-
split levels, which is known to destroy Kondo correlation
in the single-impurity Anderson model (SIAM).5 How-
ever, in the two-level model, increasing the magnetic field
up to a value given by
BK ≡
∆+ U ′ − U
2
, (4)
gives rise to a spin-degenerate energy-level, built by op-
posite spin states of ε1 and ε2 [see Fig. 1(b)], allowing
spin-fluctuations in the system. Under this scenario,
the physics of the system is governed by Kondo inter-
actions restored by the Zeeman field: the ground state
is a many-body singlet, and the spectral functions de-
velops a temperature-dependent resonance at the Fermi
level. Further increasing the magnetic field beyond BK
suppresses Kondo correlations and the ground state be-
comes a frozen spin-integer object.
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FIG. 1: (Color online). Schematic representation of the level
configuration considered in the present work. a) In absence of
magnetic field, a local singlet develops in level 2. A necesary
condition for this situation is ε1+U
′ > ε2+U . b) For a non-
zero magnetic field, the levels spin degeneracy is destroyed.
However, an effective spin degeneracy can be reconstructed
at a certain value of the magnetic field, by mixing the spin
up and down states of different levels, allowing Kondo corre-
lations of the impurity system with the surrounding reservoir
at finite field. The resulting spin fluctuations are indicated by
the up/twisting/down red arrows. c) Alternative description
of the scenario under study. At B = BK (or −BK), a degen-
eracy between the local singlet and the Sz = −1 (or Sz = +1)
triplet state (which decreases its energy with B), gives rise to
Kondo correlations.
This sui generis Kondo effect is alternatively described
in Fig. 1 (c). As shown by this panel, at zero magnetic
field the ground state is a local singlet (both particles lo-
cated at level 2), while the triplets are the lowest excited
states. When the magnetic field is increased, the triplet
state Sz = −1 decreases in energy, becoming degenerate
with the local singlet state at B = BK (or degenerate
with Sz = +1 at B = −BK). Since these states dif-
fer form each other by a spin flip and a charge transfer
from one orbital to the other, the degeneracy allows the
formation of the Kondo effect discussed in this paper.27
In the following section we present a Schrieffer-Wolff
transformation of the Hamiltonian (1) to show that the
scattering mechanism for itinerant electrons is dominated
by exchange interactions in presence of a magnetic field.
We compare our results to those obtained in Ref.[10] and
we use them to describe the NRG calculations presented
in further sections.
III. LOW ENERGY EFFECTIVE MODEL
By using a Feshbach projection-operator formalism on
Eq. (1)-(3), we integrate out the states with 〈n1+n2〉 6= 2.
The resulting effective Hamiltonian reads
Heff = HC +
∑
iσi′σ′
(Hexiσi′σ′ +H
ps
iσi′σ′)(1− δii′δσσ′ )n¯iσi′σ′ .
(5)
The factor n¯iσi′σ′ = ni¯σ¯δii′ +niσ¯(1− δii′), with i¯ 6= i and
σ¯ 6= σ, guarantees the double occupancy of the levels (see
below). The first term in the sum of (5) is an anisotropic
exchange interaction
Hexiσi′σ′ = J
⊥
iσi′σ′(s
x
σσ′S
x
iσi′σ′ + s
y
σσ′S
y
iσi′σ′ )
+ J ziσi′σ′s
z
σσ′S
z
iσi′σ′ + J
c
iσi′σ′ρσσ′S
z
iσi′σ′ ,
(6)
where the various coefficients are given by J⊥iσi′σ′ =
2ViVi′Jiσi′σ′ , J
z
iσi′σ′ = (V
2
i + V
2
i′ )Jiσi′σ′/2, J
c
iσi′σ′ =
(V 2i − V
2
i′ )Jiσi′σ′/2, and
Jiσi′σ′ =
1
εi + Ui + U ′ + σB
−
1
εi′ + U ′ + σ′B
. (7)
We have also defined the spin operators Sziσi′σ′ =
1
2
(d†iσdiσ − d
†
i′σ′di′σ′) and S
+
iσi′σ′ = S
x
iσi′σ′ + iS
y
iσi′σ′ =
d†iσdi′σ′ . Similarily, s
z
σσ′ =
1
2
∑
kk′
(c†
kσck′σ − c
†
kσ′ck′σ′),
s+σσ′ = s
x
σσ′ + is
y
σσ′ =
∑
kk′
c†
kσck′σ′ and ρσσ′ =
1
2
∑
kk′
(c†
kσck′σ + c
†
kσ′ck′σ′). Note that the last term in
(6) couples the conduction-band charge degrees of free-
dom to the levels’ spin z-component, and it vanishes for
V 2i = V
2
i′ . In addition to the exchange interaction, Eq.
(5) includes a potential scattering term
Hpsiσi′σ′ =
Kziσi′σ′
4
szσσ′ +
Kciσi′σ′
4
ρσσ′ (8)
with Kziσi′σ′ = (V
2
i + V
2
i′ )Kiσi′σ′ , K
c
iσi′σ′ = (V
2
i −
V 2i′ )Kiσi′σ′ , and
Kiσi′σ′ = −
1
εi + Ui + U ′ + σB
−
1
εi′ + U ′ + σ′B
. (9)
Equation (5) is the main result of this section. It con-
tains the effective Hamiltonian obtained in Ref. [10] by
a Schrieffer-Wolff transformation, plus additional terms
describing different types of Kondo correlations, as ex-
plained below. Notice we have chosen to write the various
coefficients in a slightly different manner. Here, Kiσi′σ′
vanishes at the particle-hole symmetric point (as it oc-
curs in the SIAM) in contrast to the corresponding term
in Ref. [10], which does not. Notice also that our J z
parameter is one half of the respective term in the same
reference.
The Hamiltonian (5) contains three different types of
exchange interactions. The contribution from each one
strongly depends on the magnetic field and on the levels’
configuration. The simplest components are given by the
i = i′ terms, which are the usual Kondo coupling between
the levels and the conduction band. This well-known
Kondo interaction dominates B = 0, in which case the
i 6= i′ terms are negligible.
4In contrast, the terms with i 6= i′, σ = σ′ represent a
charge Kondo effect where the Kondo correlations come
from the orbital degeneracy for a fixed spin state, rather
than from spin fluctuations within a single orbital as in
the former case. This kind of exchange interaction is
restricted to ε1 = ε2 and persists in a finite magnetic
field. However, the configuration when the ground state
is dominated by the triplet state Sz = −1 (or +1) pre-
vents the described charge correlations.
The last type of exchange interaction is the main focus
of this paper. It is given by the i 6= i′, σ 6= σ′ terms.
As described in the previous section, this requires the
different levels to be degenerate for opposite spin states,
which can only be achieved by a finite magnetic field.
For the particular case depicted in Fig. 1, (i, σ = 2, ↑,
i′, σ′ = 1, ↓) the exchange interaction at B = BK gives
J2↑1↓ =
2
2εave + U2 + 3U ′
−
2
2εave + U2 + U ′
(10)
and K2↑1↓ can be obtained by reversing the sign of the
first term in the last equation. Note also that n¯2↑1↓ =
n2↓, i.e. the process requires a spin-down particle to be
located at ε2 [see fig. 1 (b)].
Equation (10) provides an analytic expression to esti-
mate the exchange couplings of the mixed-level Kondo
effect in terms of the model parameters. Note that for
V1 = V2 = V , and at the particle-hole symmetry point
εave = −U/2− U
′, the exchange couplings reduce to the
simple expressions J z2↑1↓ = 4V
2/U ′ = J ⊥2↑1↓/2, close to
the SIAM’s expression of the exchange coupling. Note
that both J z and J ⊥ are independent of the levels’ split-
ting ∆. From this, one may infer that the mixed-level
Kondo temperature will remain the same for different
values of the detuning. However this is not the case, as
we further show in this paper using NRG calculations.
IV. NUMERICAL RENORMALIZATION
APPROACH
In order to provide a quantitative analysis of the
behavior described above, we have used the numeri-
cal renormalization group (NRG) approach.17 The NRG
method has proven to be a powerful tool for studying
quantum impurity systems in a non-perturbative scheme,
as the technique allows the calculation of system prop-
erties with high accuracy. In particular, the calculation
of the impurities’ contribution to the entropy Simp as a
function of temperature T , permits the identification of
effective degrees of freedom of the system. In the usual
fashion it can be computed as,
Simp(T ) =
(E − F )
T
−
(E − F )0
T
, (11)
whereE = 〈H〉 is the mean energy (relative to the ground
state) of the entire system, F = −kBT lnZ is the free
energy and Z =
∑
e−H/T is the partition function. The
symbol 〈...〉 denotes thermal average and the subscript 0
refers to the situation when no impurities are present.
Further insight of the interaction between the Ander-
son levels and the external magnetic field can be gained
by studying the contribution of the quantum dot system
to the magnetization and susceptibility,Mimp and Tχimp,
respectively. These quantities can be calculated as
Mimp(T ) = 〈Sz〉 − 〈Sz〉0 , (12)
and
Tχimp(T ) = (〈S
2
z 〉 − 〈Sz〉
2)− (〈S2z 〉 − 〈Sz〉
2)0 , (13)
where Sz is the z component of the total system spin.
By means of the NRG procedure it is also possible
to calculate transport properties. At low bias, elec-
tron transmission described by a generalized Landauer
formula18 gives a linear conductance
g =
2e2
h
∫
dω
(
−∂f
∂ω
)
π
∑
i,j
√
ΓiΓj Aij(ω, T ), (14)
where f(ω, T ) is the Fermi function, Aij(ω) =
−π−1 ImGij(ω) are the componentes of the total
spectral function A =
∑
i,j Aij , and Gij(t) =
−iθ(t)〈{d†i,σ(t), d
†
j,σ(0)}〉 is the retarded Green’s func-
tion.
The following sections are devoted to prove that at
B = BK , the ground state of the two-level Anderson sys-
tem is indeed a many-body (Kondo) singlet state and to
explore the behavior of the system for different B fields
and level spacing ∆, by analyzing the thermodynamical
and transport properties described above. Calculations
were performed considering H/D = 6.01×10−5 as a unit
of energy, which corresponds to a half of the Zeeman
splitting for a magnetic field of 1 T in a GaAs system19
with g∗µB = 12.02 µeV/T and D = 100 meV. For sim-
plicity we set U = U ′ = 30H , Γ1 = Γ2 = Γ ≪ U such
that the system is well inside the Kondo regime, and
restrict the calculations to the particle-hole symmetric
point. For this regime, as we discussed in the previous
section, the potential scattering terms vanish, together
with the coupling between the impurity spin and the
conduction-channel charge degrees of freedom. ∆ and
Γ values used are reported in each case below.
V. THERMODYNAMICS
We start our numerical analysis by discussing the ther-
modynamical behavior of the two-level system in the
presence of Zeeman interaction. In Fig. 2 we show
the temperature dependence of the Anderson impuri-
ties’ contribution to a) the entropy, b) the magnetiza-
tion and c) the susceptibility, considering ∆/(2H) = 6,
Γ = 2H ≪ U , and several values of B. In all three pan-
els, the horizontal axis has been rescaled by the Kondo
5( (
((
FIG. 2: Temperature dependence of the impurities’ contribu-
tion to (a) the entropy, (b) magnetization and (c) suscepti-
bility for different strengths of the magnetic field. At fixed
B = 0, curves i), reducing temperature makes the entropy go
directly from ln(42) to ln(1), the susceptibility from 0.25 to
zero while the magnetization remains null, as expected for a
local singlet-state. As the magnetic field turns on, curves ii)
and iii), it allows the involvement of different levels with other
spin values, as the entropy and susceptibility exhibit plateaus
near Simp = ln(2) and Tχimp = 0.20, respectively, before
dropping to zero at low temperature, signaling the quenching
of a doublet ground state. This leaves behind a frozen spin-
1/2 object withMimp ≈ −1/2 at B = BK , curves iv). Further
increasing the magnetic field results in a frozen spin-integer
object with Mimp ≈ −1, curves v)-vii). Panel (d) shows the
susceptibility for different values of Γ, ∆ and fixed B = BK ,
demonstrating the universal behavior around TK and below;
for each ∆, Γ/H = 1.25, 1.6, 2.2 and 3.
temperature TK = 0.0086H , which was extracted from
the spin susceptibility calculations (see below). At high
temperature, the system is in the free-orbital regime, and
its ground state is 42-degenerate, i.e. Simp = ln(16), with
zero magnetization and Tχimp = 1/4 (a contribution of
1/8 from each impurity level). In the absence of an ex-
ternal magnetic field [B = 0, curves labelled i)], reducing
the temperature results in a suddently flat (zero) mag-
netization and accompanying monotonic decrease of the
entropy towards Simp = ln(1), in accordance with the ex-
istence of a local singlet ground state. The susceptibility
displays a similar behavior to that of the entropy, with
a slight bump at T/TK & 10
3, characteristic of two level
systems.8
At finite magnetic fields, B ≪ BK [curves ii) and iii)],
the magnetization exhibits a dip with minimum near
Mimp = −1/2. This drop results from the gap closing
between the ε2 spin-up and the ε1 spin-down states by
the combined effect of temperature and Zeeman splitting,
creating a mixed level where spin fluctuations are allowed
in the system. This dynamics is reflected in the respec-
tive entropy curves as a plateau near Simp = ln(2), as
well as in the susceptibility plot with a plateau around
Tχ ≈ 0.20, signaling the existence of a doublet state
(a local-moment fixed point), although here it is associ-
ated with a four-state manifold of the doubly-occupied
two-level system. Since the system is doubly occupied,
this leaves behind a frozen spin-1/2 object, resulting in
Mimp ≈ −1/2. However in this situation, the gap be-
tween the opposite-spin levels can not be bridged solely
by the Zeeman splitting, and at very low T the two parti-
cles lock in a local-singlet state, which is barely affected
by the magnetic field, resulting in Mimp ≈ 0 and zero
entropy and susceptibility at low temperatures.
As expected, further increasing magnetic field yields
interesting results. The resonance between opposite spin
levels can be achieved by a high enough magnetic field,
as shown by curve iv) in all three panels for B = BK .
In this case, one particle is spin-fluctuating while the
other is magnetically frozen, so that the magnetization
remains at Mimp = −1/2 down to low temperature. On
the other hand, the entropy shows a smooth decrease
from Simp = ln(2) to Simp = ln(1) and the susceptibility
from Tχ ≈ 0.2 to Tχ = 0, both at the Kondo tempera-
ture. This transition from doublet (unscreened magnetic
impurity or local-moment fixed point) to a nonlocal sin-
glet state (strong-coupling fixed point) is a clear signa-
ture of Kondo state formation, and confirms one of the
main points of this paper. According to relation (4), the
Kondo effect is expected to occur at B/H = 6, which is in
agreement with the value of BK = 5.9007 ≫ TK found
from susceptibility calculations (see below), except for
the small anticipated shift produced by the renormaliza-
tion of the levels due to the coupling to the leads and
Coulomb interaction.
If the intensity of the magnetic field is slightly above
BK [v) and vi) curves], the magnetization exhibits a
plateau near Mimp = −1/2 and Simp ≃ ln(2) for T ≃
10TK, which can be seen again in terms of the quasi-
degeneracy of the opposite spin states of the levels, due
to the combination of thermal and magnetic effects, as
described above. However, now the spin-down states
of both levels are energetically more favorable and the
magnetization reaches values below −3/4 at very low
T . At very high magnetic fields [curve vii)] the en-
tropy and magnetization of the system flow directly from
Simp = ln(16) to Simp = ln(1) and from Mimp = 0
to Mimp = −1 exhibiting a ground state with Sz = 1.
The susceptibility goes directly from Tχimp ≈ 0.20 to
Tχimp = 0 at T = B, supporting the same conclusion.
The behavior of the susceptibility for different values
of B as exhibited by Fig. 2(c), allows us to determine TK
and BK of the system in the following way. First, one de-
fines a magnetic field dependent temperature T0(B) such
that T0χ(T0) = 0.0701, used as the standard condition
for the Kondo temperature.20 As shown in panel c), we
expect that the minimum of the function T0(B) will be
precisely at the point TK = T0(B = BK). In order to
validate this criterion, Fig. 2(d) explores the universality
6(a)
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FIG. 3: (Color online). (a) Total spectral function for differ-
ent values of B. At B = BK = 5.9007, the spectral function
exhibits a sharp peak at the Fermi level, commensurate with
Kondo physics, and absent for other fields. (b) Components
of the spectral function showing that at B = BK the main
contributions to the Kondo peak come from the diagonal parts
of A(ω) with opposite spins.
of this mixed-level Kondo effect. Here we plot the contri-
bution of the system impurities to the susceptibility as a
function of T/TK , for ∆/(2H) = 2 (blue-dashed), 4 (red-
solid) and 6 (green-dotted), and different values of Γ/H
(=1.25, 1.6, 2.2 and 3), all of them at B = BK . All these
curves are compared with the susceptibility obtained for
the SIAM (black-solid). One can appreciate that the two-
level behavior dominates at high temperature. However,
all the curves collapse into a single curve and demon-
strate universal behavior over a wide range of tempera-
tures around and below TK , validating our definition of
the Kondo temperature for the mixed-level Kondo effect.
This figure further confirms that at B = BK , the ground
state of the system is indeed a many-body Kondo singlet.
VI. DYNAMICS AND TRANSPORT
The emergence of a sharp peak at the Fermi level in the
spectral function is a another well established signature
of Kondo physics. Figure 3(a) shows the normalized total
spectral function πΓA(ω) at T = 0, for the same system
parameters as in Fig. 2(a), and three different values of
B. The appearance of a Kondo resonance when B = BK
is evident, supporting the existence of a magnetic field
induced mixed-level Kondo state. This is in contrast to
g 
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FIG. 4: (Color online). Conductance g as a function of B (left
panel) and T (right panel) for different values of ∆. The mag-
netoconductance displays a maximum structure near B = BK
(≃ ∆/2, as U = U ′ here), as described by Eq. (4). The con-
ductance decreases by increasing T above the Kondo temper-
ature, as expected in the Kondo effect.
larger or lower values of B, where no peak at the Fermi
level develops.
It is illustrative to analyze the components of the An-
derson levels’ spectral function. Figure 3(b) shows the
(normalized) diagonal terms of the total spectral function
with opposite spins, πΓA11,↓(ω) and πΓA22,↑(ω). Note
that at B = BK , these spectral function components
form the main contributions to the Kondo peak, as dis-
cussed above. The rest of the components (not shown)
display no Fermi-level resonance. This further confirms
that the Kondo effect is taking place due to the mixture
of levels with opposite spin, creating a hybrid level with
spin-degeneracy. For magnetic fields different to BK the
components of the spectral function show no more struc-
ture than the Hubbard bands at ±U/2.
The mixed-level Kondo effect can be experimentally
confirmed through conductance measurements. In Fig. 4
(left panel) we show the calculated linear conductance g
against magnetic field, for a few values of ∆ and different
temperatures. In this case we consider Γ = 3H , to better
highlight conductance features, with the rest of parame-
ters as before. Let us first focus on the T = 0 conduc-
tance. The most important feature depicted in this panel
is the peak structure clearly shown by the magnetocon-
ductance at a finiteB field. This is in sharp contrast with
the monotonic drop of g(B) that accompanies the Kondo
effect in the SIAM, and typically seen in experiments.
From the discussion above, the mixed-level Kondo ef-
fect would be expected to appear in the conductance only
at a magnetic field B = BK , as the Kondo peak in the
spectral function allows high electronic transport at van-
ishing bias. Lowering or increasing the magnetic field
below or above BK results in a rapid drop in the mag-
netoconductance (made smoother at finite temperature),
due to the crossover from the Kondo singlet state to ei-
ther the local singlet or the magnetically frozen impurity.
As can be seen in the left panel in Fig. 4, the maximum
of the conductance appears near B ≃ BK ≃ ∆/2 (as
U = U ′ in this example), in agreement with Eq. (4). In
other words, the position of the maximum in the mag-
7netoconductance depends on the detuning ∆. In fact, if
the condition ε1 + U
′ > ε2 + U is satisfied, it is possi-
ble to estimate the value of ∆ by measuring the energies
E1 = ε2, E2 = ε2 + U and E3 = E2 + ∆ + 2U
′, which
are the energies needed to add the first, second and third
electron, respectively, to the double dot system. It fol-
lows from Eq. (4) that ∆ = 2BK + U − U
′, where BK is
the magnetic field at which the maximum in conductance
occurs in g vs. B measurements. By using U = E2−E1,
together with E3 one obtains,
∆ = 4BK + 3E2 − 2E1 − E3. (15)
In the same way, the inter-level Coulomb repulsion U ′
can be estimated as U ′ = 2BK +E2−E1−∆. This pro-
vides a useful methodology to experimentally estimate or
confirm the energy level-spacing ∆ through magnetocon-
ductance measurements.
We now focus on the temperature dependence of the
linear transport. The left panel in Fig. 4 also shows finite-
T calculations for ∆/(2H) = 2. For these parameters,
the Kondo temperature, as extracted from the spin sus-
ceptibility, is estimated as TK = 0.16H . Figure 4 shows
a clear drop in g (for the ∆/(2H) = 2 case) as the tem-
perature is increased above the Kondo temperature, in
agreement with Kondo physics. The universal nature of
the mixed-level Kondo effect is also confirmed in the right
panel of Fig. 4. That panel shows g vs T/TK at B = BK
for the same parameters as in Fig. 2(d), and a comparison
to the empirical formula21
g(T ) = gmax[1 + (2
1/s − 1)(T/TK)
2]−s , (16)
where gmax = g(T = 0) is the highest value of the con-
ductance and s is an adjustable fitting parameter. This
empirical equation is a good representation not only for
experiments but for NRG calculations of the Kondo ef-
fect. The scaled NRG data are in good agreement with
a theoretical curve (solid line) calculated using s = 0.22,
a value expected for spin-1/2 Kondo physics.4,22 Small
deviations from the empirical formula appear at temper-
atures T ≈ Γ.
VII. MIXED-LEVEL KONDO TEMPERATURE
Since the Kondo temperature is the quantity that epit-
omizes a Kondo system, a natural question in the mixed-
level Kondo effect is to inquire about the behavior of its
TK with system parameters. Figure 5 shows he Kondo
temperature of the mixed-level system, as a function of
Γ for different values of ∆. As reference we also show the
corresponding TK of the SIAM, for the same Coulomb
interaction at particle-hole symmetry. For all the values
of the level-spacing ∆ considered, TK increases exponen-
tially with Γ, in agreement with Kondo physics (and the
Haldane formula). However, one expects that as ∆ in-
creases, the magnetically frozen spin-1/2 located at the
lowest level interacts less with the mixed-level structure
and the system resembles more the SIAM, as reflected
in their respective Kondo temperatures. Consequently,
the higher the value of ∆, the lower the value of TK , as
seen in Fig. 5. In other words, in the mixed-level system,
the level detuning can be seen as an extra parameter to
control the Kondo temperature of the structure.
Figure 5 also shows (right panel) that for larger Γ and
fixed interlevel spacing ∆, the critical value of BK de-
creases slightly. This behavior underscores that as the
levels become effectively broader, the field required to
achieve effective spin fluctuations decreases somewhat,
as one would intuitively expect.
VIII. SUMMARY
We have extended the study of a different type of
Kondo effect, first studied in Ref. [10], which arises from
the mixture of different levels with opposite spins, in
the presence of an in-plane magnetic field. Examining
the resulting model obtained by integrating out high en-
ergy states, we find different types of exchange possible
in the system. Moreover, our numerical renormalization
results fully characterize the thermodynamics and trans-
port properties of the system in the interesting regime
of level degeneracy for opposite spin states due to the
Zeeman field.
The system under study can be seen to appear in ca-
pacitively coupled double quantum dot systems, although
it may also be relevant in multilevel single-dot geome-
tries. As a result of the level detuning, the magneto-
conductance exhibits a sharp non-monotonic behavior,
in contrast to the single impurity Anderson model. In-
terestingly, the doubly-occupied double quantum dot sys-
tem evolves from a local singlet ground state at zero field,
to a many body singlet with Kondo correlations as the
B
K
 /
H
FIG. 5: (Color online). Kondo temperature (left panel), and
field (right) of the mixed-level Kondo effect as function of
Γ and various ∆. TK shows exponential behavior, commen-
surate with Kondo physics and the Haldane formula. The
characteristic Kondo temperature of the mixed-level system
is higher than the respective TK of the SIAM, but they get
closer for larger ∆ values. Right panel shows how increasing Γ
slightly decreases the required BK to produce the mixed-level
Kondo ground state.
8Zeeman field overcomes the level spacing in the structure.
We have shown that this phenomenon can be used to ex-
perimentally estimate the level-spacing in quantum dots.
In addition, the characteristc Kondo temperature can be
modified not only by the standard parameters of the An-
derson model, but also by the detuning of the quantum
dot.
Finally, we should mention that the presence of sizable
spin-orbit coupling in quantum dot systems may give rise
to shifts in the characteristic BK fields with interesting
dependence of the Kondo conductance and temperature
with applied field orientation in the plane of the dots.23
Acknowledgments
We acknowledge support from NSF grant DMR
1508325 and useful discussions with A. Kogan and his
group at U. Cincinnati.
1 A. C. Hewson, The Kondo Problem to Heavy Fermions
(Cambridge University Press, Cambridge, 1997).
2 T. A. Costi, L. Bergqvist, A. Weichselbaum, J. von Delft,
T. Micklitz, A. Rosch, P. Mavropoulos, P. H. Dederichs, F.
Mallet, L. Saminadayar, and C. Bau¨erle Phys. Rev. Lett.
102, 056802 (2009).
3 L. Kouwenhoven and L. Glazman, Phys. World 14, 33
(2001).
4 D. Goldhaber-Gordon, H. Shtrikman, D. Mahalu, David
Abusch-Magder, U. Meirav and M. A. Kastner, Nature
391, 156 (1998).
5 T. A. Costi, Phys. Rev. Lett. 85, 1504 (2000).
6 M. Pustilnik, L. I. Glazman, W. Hofstetter, Phys. Rev. B
68, 161303(R) (2003).
7 W. Hofstetter and G. Zara´nd Phys. Rev. B 69, 235301
(2004), and references therein.
8 D. E. Logan, C. J. Wright, and M. R. Galpin, Phys. Rev.
B 80, 125117 (2009).
9 R. Sakano and N. Kawakami, Phys. Rev. B 73, 155332
(2006).
10 M. Pustilnik, Y. Avishai and K. Kikoin, Phys. Rev. Lett.
84, 1756 (2000).
11 J. Nygard, D. Cobden, P. E. Lindelof, Nature 408, 342
(2000)
12 A. Hu¨bel, K. Held, J. Weis, and K. v. Klitzing, Phys. Rev.
Lett. 101, 186804 (2008).
13 A. J. Keller, S. Amasha, I. Weymann, C. P. Moca, I.
G. Rau, J. A. Katine, H. Shtrikman, G. Zara´nd, and D.
Goldhaber-Gordon, Nature Phys. 10, 145 (2014).
14 D. A. Ruiz-Tijerina, E. Vernek, and S. E. Ulloa, Phys. Rev.
B 90, 035119 (2014).
15 R. Zˇitko and J. Boncˇa, Phys. Rev. B 74, 045312 (2006).
16 C. J. Wright, M. R. Galpin, and D. E. Logan, Phys. Rev.
B 84, 115308 (2011).
17 R. Bulla, T. Costi, and T. Pruschke, Rev. Mod. Phys. 80,
395 (2008).
18 Y. Meir and N. S. Wingreen, Phys. Rev. Lett. 68, 2512
(1992).
19 T.-M. Liu, B. Hemingway, A. Kogan, S. Herbert, and M.
Melloch, Phys. Rev. Lett. 103, 026803 (2009).
20 H. R. Krishna-murthy, J. W. Wilkins and K. G. Wilson
Phys. Rev. B 21, 1003 (1980).
21 D. Goldhaber-Gordon, J. Gores, M. A. Kastner, H. Shtrik-
man, D. Mahalu, and U. Meirav, Phys. Rev. Lett. 81, 5225
(1998).
22 T. A. Costi, A. C. Hewson, and V. Zlatic, J. of Phys.:
Cond. Matt. 6, 2519 (1994).
23 S. Grap, S. Andergassen, J. Paaske, and V. Meden, Phys.
Rev. B 83, 115115 (2011).
24 P. Jarillo-Herrero, J. Kong, H. S. J. van der Zant, C.
Dekker, L. P. Kouwenhoven and S. De Franceschi, Nature
434, 484 (2005).
25 M.-S. Choi, R. Lo´pez, and R. Aguado, Phys. Rev. Lett.
95, 067204 (2005).
26 L. Borda, G. Zara´nd, W. Hofstetter, B. I. Halperin, and J.
von Delft, Phys. Rev. Lett. 90, 026602 (2003).
27 We notice that the interplay between orbital and spin de-
generacies can give rise to more unusual Kondo phenom-
ena, as a consequence of SU(4) symmetry setting in, as
reported in carbon nanotubes,24,25 and double quantum
dots.13,26 Such degeneracy is not present in the regime we
study here.
